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Classical and Robust HM Control Redesign for the
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A control redesign problem of the Hubble Space Telescope for reducing the effects of solar array vibrations
on telescope pointing jitter is investigated. Both classical and Hx control design methodologies are employed for
such a control problem with a noncollocated actuator and sensor pair. This paper successfully demonstrates the
effectiveness of a dipole concept for precision line-of-sight pointing control in the presence of significant
structural vibrations. Proposed controllers with two dipoles effectively reduce the effects of the solar array
induced disturbances at 0.12 and 0.66 Hz on pointing jitter.

I. Introduction

T HE Hubble Space Telescope (HST), illustrated in Fig. 1,
is a 13-ton free-flying spacecraft with a precision pointing

stability requirement of 0.007 arc-s over a 24-h period, which
is the most stringent pointing requirement imposed on any
spacecraft to date.1'2

Following the successful deployment of the HST from the
Space Shuttle Or biter in April 1990, the HST has been experi-
encing a pointing jitter problem caused by the unexpected
solar array induced disturbances. According to Ref. 3, there
appear to be two types of thermal flutter of the 20-ft-long
solar arrays: 1) an end-to-end bending oscillation at 0.12 Hz
when the spacecraft passes between sunlight and shadow and
2) a sideways bending oscillation at 0.66 Hz that occurs on the
day side of the Earth. Under the worst conditions, the tips of
the two 20-ft arrays could deflect as much as 3 ft. The effect
of such solar array oscillations is that the telescope moves
0.00022 in., enough to make the planned long observations of
as much as 25 min not worthwhile.

Although reprogramming the onboard digital control logic
has been successful in reducing the effects of the 0.12-Hz solar
array oscillations on jitter, the 0.66-Hz jitter problem is still to
be resolved.4 In this paper, a control redesign problem for
reducing the effects of both 0.12- and 0.66-Hz solar array
oscillations on jitter is investigated. It is shown that proposed
controllers with two disturbance rejection dipoles effectively
accommodate the persistent disturbances at both 0.12 and
0.66 Hz.

The remainder of this paper is organized as follows. In Sec.
II, the HST pointing control system is briefly reviewed, and a
control redesign problem is formulated. In Sec. Ill, a classical
frequency-domain design technique is employed to redesign
the HST pointing control system. In Sec. IV, a robust H^
control design technique is employed to demonstrate the use-
fulness and practicality of such a modern approach to control
design. The concept of internal modeling of a persistent dis-
turbance is exploited for both techniques, introducing a model
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of the disturbance into the feedback loop. Classical and robust
//oo control design techniques used in this paper are briefly
summarized in Appendices A and B, respectively.

II. Problem Statement for Hubble Space
Telescope Control Redesign

The pointing control system of the HST consists of fine-
guidance sensors, star trackers, rate gyros, reaction wheels,
magnetic torquers, and a digital computer. The rate gyro
assembly comprises six rate integrating gyros and provides
rate and attitude information that is supplemented by attitude
data from star trackers and fine-guidance sensors.1'2 Magnetic
torquers are used for momentum management. Control
torques are provided by the four skewed reaction wheels that
are not collocated with the rate gyro assembly. The rate gyros
are located with the star tracker on an equipment shelf on the
back side of the optical telescope assembly, whereas the reac-
tion wheels are located at the midsection of the main body, as
can be seen in Fig. 1. As a result, the primary bending modes
of the optical telescope assembly have large negative modal
gains (see Table 1) and they are interacting "unstably" with

HIGH GAIN ANTENNA

PitcK

ARRAY

FIXED HEAD
STAR TRACKERS (3)
RATE GYROS (6)

Fig. 1 Hubble Space Telescope.
1069



1070 WIE, LIU, AND BAUER: CLASSICAL AND ROBUST H^ CONTROL

the pointing control system. (The pointing control problem of
the HST is thus an excellent practical example of the so-called
noncollocated control problem of flexible structures.5"10)

Detailed descriptions of the HST pointing control system,
performance analyses, and ground-test results can be found in
Refs. 1 and 2. Recent flight results associated with the point-
ing jitter problem caused by the solar array oscillations can be
found in Refs. 3 and 4. In this paper, we consider only the
pitch-axis control design problem, which has most significant
interaction with the solar arrays. (The roll, pitch, and yaw
control axes of the HST, illustrated in Fig. 1, are aligned with
the principal axes of the vehicle.)

The pitch-axis transfer function of the HST is given by

u(s)
JL
Is2 (1)

where 6 is the pitch-axis pointing error output, u the pitch-axis
reaction wheel control torque input, s the Laplace transform
variable, / = 77,076 kg-m2 the spacecraft pitch inertia, Kf the
/th flexible mode gain in the pitch axis, co/ the /th flexible mode
frequency in rad/s, and f the passive damping ratio assumed
as 0.005.

Table 1 lists the pitch-axis modal data of the HST, and the
corresponding transfer function zeros in rad/s are

0.0034 ± 0.6850./,

-0.0272 ±5.5805y,

-0.3790 ±75.818.7,

- 0.4464 ± 89.286y,

-0.0134 ±2.69837

- 0.3397 ± 67.9457

-0.4255 ±85.0797

-0.4780 ±95.5897

- 58.678, + 59.069

The transfer function with "nonalternating" poles and zeros
has a nonminimum-phase zero at s = 59.069 since the rate
gyros are not collocated with the reaction wheels, as can be
seen in Fig. 1.

Figure 2 shows a simplified pitch-axis block diagram of the
HST pointing control system. The outer loop with the fine-
guidance sensor and a command generator for the feedfor-
ward path are not shown here. Other axes of the HST employ
the same control architecture.

The original controller on board the HST, which is basically
a digital proportional-integral-derivative (PID) controller with
KP = 9, Kj = 0.05, and KD = 0.5, utilizes a finite impulse re-
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Fig. 3 Bode magnitude plot of the loop transfer function of the
original HST control design.

Table 1 HST modal data for the pitch axis

Mode number
1
2
3
4
5
6
7
8
9

ui, Hz
0.110
0.432
0.912

10.834
12.133
13.201
14.068
14.285
15.264

Modal gain, KI
0.018
0.012
0.057
0.024
0.155

-1.341
-1.387
-0.806
-0.134

Description
Solar array

High-gain antenna
Aperture door

Telescope structure
Telescope structure
Telescope structure
Telescope structure
Telescope structure
Telescope structure

sponse (FIR) filter in the rate path to attenuate the high-fre-
quency, main-body (optical telescope assembly) bending
modes.

The solar array induced disturbances are modeled as

(2)

(3)

d(t) = Aism(pit + 0i) + A2sin(p2t +

where the frequencies in rad/s are known as

A = 27r(0.12)

p2 = 27r(0.66)

Fig. 2 Simplified block diagram of the HST pitch-axis pointing con-
trol system.

The magnitudes Af and phases </>/ are unknown for control
design, whereas the nominal magnitudes have been estimated
as At=A2 = 0.2 N-m, from flight results.4

The Bode magnitude plot of the loop transfer function of
the original controller on board the HST is shown in Fig. 3. As
can be seen in this figure, the pitch-axis pointing control
system with the original controller has a 1.03-Hz gain
crossover frequency. The FIR filter in the rate path provides
2.3-dB gain suppression of the 13.2-Hz bending mode. The
solar array induced disturbances for this controller lead to
pointing jitter of 0.1-arc-s peak, which significantly exceeds
the 0.007-arc-s pointing accuracy requirement.

Thus, a new digital control logic is to be designed to most
effectively attenuate the effects of the solar array oscillations
at 0.12 and 0.66 Hz. An integral compensation is also needed
to attenuate gravity gradient and aerodynamic disturbances.
The control redesign requirements and/or goals can be stated
as follows4:

1) Maintain at least 5-dB gain margin and 20-deg phase
margin.
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2) Provide at least 6-dB gain suppression (roll off) of the
high-frequency telescope structural modes at 14 Hz.

3) Provide at least 20-dB additional disturbance attenuation
at both 0.12 and 0.66 Hz with respect to the original design.

4) Maintain the bandwidth (the open-loop gain crossover
frequency) close to 1.5 Hz.

In the next section we will present a classical control rede-
sign for the HST, followed by a modern //«, control redesign,
to reduce the effects of solar array vibrations on telescope
pointing jitter. Both designs will be compared to the original
controller on board the HST, and some practical usefulness of
a modern design technique that deals with both structured and
unstructured uncertainties will also be demonstrated. In this
paper, theoretical aspects of robust control design will not be
elaborated, although some detailed discussion on both the
classical and robust H^ design techniques can be found in the
Appendices.
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Fig. 4 Bode magnitude plot of the loop transfer function of a classi-
cal control redesign.
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Fig. 5 Closed-loop frequency magnitude response of a classical con-
trol redesign.

III. Classical Control Design
For the classical s-domain synthesis of digital control logic,

the computational delay and the sample/zero-order-hold
(ZOH) delay, shown in Fig. 2, are first approximated as

, - 0.0085 ,

_ e

0.0255

(0.0085 )2/12- 0.0085/2+ 1
(0.0085 )2/12 + 0.008s /2 + 1

(0.0255 )2/12 + 0.0255/2 + 1

(4)

(5)

Following a classical design procedure described in Ap-
pendix A, a new controller was designed to accommodate the
disturbances at 0.12 and 0.66 Hz. After a trial-and-error itera-
tion, a PID controller for the control logic architecture shown
in Fig. 2 was found as KP = 7.720, Kf = 0.492, and
KD = 0.948. This controller utilizes the same FIR filter as in
the original controller and employs a periodic-disturbance
rejection filter of the form

[(S/Z2)2

+ 1] [(5//72)2 (6)

where

Zi = 2ir(0.124), fz i = 0.364

P! = 2?r(0.120)

Z2 = 27r(0.612), &2 = 0.127

p2 = 2?r(0.660)

To alleviate numerical problems associated with the direct
realization for digital implementation, as discussed in Refs. 3
and 4, this fourth-order filter should be first transformed into
two second-order filters in parallel and then discretized.

This new PID controller with two dipoles satisfies the 1.5-
Hz gain crossover frequency requirement, as well as the gain
and phase margin requirements. However, the FIR filter in the
rate path does not provide enough gain attenuation for the
high-frequency bending modes. The high-frequency structural
modes near 14 Hz are, in fact, phase stabilized by the phase
lag effects of the control system. Consequently, the second
requirement of gain stabilizing the primary structural bending
modes at 14 Hz has not been met, although all of the other
design requirements and goals have been satisfied.

Notch filtering of the significantly interacting modes at 14
Hz was tried following the classical control design procedure
described in Appendix A, resulting in the following controller:

= 7.72(1 + 0.492/5 + 0.9485 )# (5 )S (5) (7)

where R(s) is the same periodic-disturbance rejection filter as
given in Eq. (6) and

5(5) =
[(5/87)2 + 2(0.001)5/87 + 1]
[(5/45)2 + 2(0.70)5/45 + 1] (8)

where S(s) is referred to as the structural filter.
As can be seen in the Bode magnitude plot of the loop

transfer function (Fig. 4), the controller given by Eq. (7) has a
1.5-Hz gain crossover frequency. The closed-loop system with
this controller has a phase margin of 38 deg and a gain margin
of 7.1 dB. The structural filter gain stabilizes the primary
bending modes at 14 Hz with about 12-dB gain suppression.

Figure 5 shows the closed-loop frequency magnitude re-
sponse of this new controller from the solar array disturbance
input d to the pitch attitude output 6, along with that of the
original controller (dotted line). As compared to the original
controller, the new controller with two dipoles has achieved 40
dB more gain attenuation at both 0.12 and 0.66 Hz.
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Fig. 6 Time responses to d(t) = 0.2 sin(27r/?if) + 0.2 sm(27r/?2*) of a
classical control redesign.

The time responses to the solar array induced disturbances
(in N-m)

d(t) = 0.2 sin[27r(0. 12)t] + 0.2 s (9)

are shown in Fig. 6 along with the response of the original
controller (dotted line). It can be seen that an effective rejec-
tion of the solar array disturbances at 0.12 and 0.66 Hz has
been achieved, without exceeding the actuator limit of 2.5
N-m.

Such a simple classical approach based on a dipole concept8

is a very effective means of achieving precision line-of-sight
pointing control in the presence of significant structural vibra-
tions or persistent external disturbances. It has been experi-
mentally validated on the Mini-Mast truss structure at NASA
Langley Research Center9 and on the ACES testbed at NASA
Marshall Space Flight Center10 as part of the NASA Control
Structure Interaction Phase I Guest Investigator Program.
Such a simple concept is directly applicable to an image mo-
tion compensation problem,11 and it has been proposed for the
Space Station Freedom12 to reduce the effects of the cyclic
aerodynamic torques on attitude oscillation of the vehicle.

The classical approach, however, requires a significant
amount of trial-and-error iterations to satisfy the 1.5-Hz
bandwidth requirement and the stability requirements of the
two dipoles and the rigid-body mode. In the next section, we
will employ a modern state-space design technique based on
HOC control theory to overcome some drawbacks of a classical
approach. It is, however, emphasized that even for such a
modern systematic approach, trial-and-error iterations for se-
lecting proper weightings are necessary in practice.

IV. Robust //oo Control Design
A robust fit* control design methodology,7 which is essen-

tially based on state-space solutions of standard H^ control
problems,13'14 is briefly summarized in Appendix B, with a
special emphasis on modeling of both structured parametric
uncertainty and unmodeled dynamics.15'18 Many theoretical
aspects of robust control are not elaborated in this section.
Instead, we emphasize a proper formulation of the HST point-
ing control redesign problem for the robust H^ control design
in terms of structured and unstructured uncertainties.

The pole-zero pattern of the HST pitch-axis transfer func-
tion indicates that the pitch-axis dynamics can be approxi-
mated by a rigid-body mode and several dominant bending
modes at 14 Hz. Since the control redesign requires gain
stabilization of those bending modes with at least 6-dB gain
suppression, the high-frequency bending modes are consid-
ered as unmodeled dynamics.

The pitch-axis dynamics of HST with only a rigid-body
mode can then be described as

y = 6 + v

where 6 is the pitch attitude error, d the external disturbance
torque induced by solar arrays, v the sensor noise, u the
pitch-axis control torque generated by reaction wheels, and d
represents a percentage variation of the overall loop gain
perturbed mainly by vehicle inertia uncertainty (i.e., d is a
structured uncertain parameter).

As discussed in Appendix B, a fictitious input d and a
fictitious output z are introduced as follows

z = - u 8-6

where 8 is called the gain of a fictitious internal feedback
loop.

Disturbance rejection filters are modeled as

a= y (10a)

(lOb)

(lOc)

where PI = 27r(0.12) rad/s and p2 = 27r(0.66) rad/s are the
frequencies of solar array induced cyclic disturbances. Note
that a constant-disturbance rejection filter is also included,
since an integral compensation is needed to attenuate low-fre-
quency disturbances.

The preceding disturbance model can be represented in
state-space form as

xd = (U)

where

0 0 0 0 0
0 0 1 0 0
0 -pi 0 0 0
0 0 0 0 1
0 0 0 -pi 0

Finally, the state-space equation augmented by the distur-
bance model and the fictitious internal feedback loop can be
described as:

x(t) = Ax(t) B.2u(t)

(12)

where

y(t) = C2x(t)

x = [0 0 a

d = [d d v]T,

+ D22u(t}

z=[z Z]T
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A =

" 0 1 0 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 1
1 0 0 -pi 0
0 0 0 0 0
1 0 0 0 0

"0 0 0"
1 1 0
0 0 1
0 0 0
0 0 1
0 0 0

_0 0 1_

wa,

1 0 wa W0J Wfa
0 0 0 0 0

0 0"
0 0
0 0
0 0
0 0
0 1

-pi o_

"0"
1
0

#2 = 0

0
0

_0_

0 0

C 2 =[l 0 0 0 0 0 0]

AZ=n,
and D\\ = 0, D22 = 0; W$ is the diagonal weighting matrix for
d; Wa, WpA, Mfy, w$2, and w$2 are weighting factors for a, 0i, fr,
j82, and jS2, respectively.

Remark: In Eq. (12), x denotes the augmented state vector,
which consists of the plant state and the disturbance filter
state, whereas x denotes the plant state in Appendix B; how-
ever, the meaning of x should be clear from the context.

The selection of a design bound y (see Appendix B) and
various weighting factors requires a trial-and-error iteration
for proper tradeoffs between performance and robustness.
The weighting factors on the disturbance rejection filter states
are related to the separation between corresponding pole and
zero of a dipole. Such separation represents the strength of the
dipole, which in turn affects the settling time of the closed-
loop system.

After a certain amount of trial and error, we select

7 = 4.39

H^ = diag{0.05, 3.10,0.002}

wa = 0.3, ^==2.0, ^ = 1.8

Since all the structural modes are treated as unmodeled dy-
namics in the design process, we select the following weighting
function

0.532(5/30 + I)2

{[s/(2ir • 13.8)]2 + 2(0.004)s/(27r - 13.8) - (13)

to meet the frequency domain robustness requirement with
respect to unstructured uncertainty (see Appendix B).

The Glover-Doyle algorithm14 was then employed to find
the following compensator:

Frequency (Hz)

Fig. 7 Bode magnitude plot of the loop transfer function of a robust
//oo control redesign.
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Fig. 8 Closed-loop frequency magnitude response of a robust //«>
control redesign.
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where

S(s) =

_ [(570.946)2 + 2(0.283)5/0.946 + 1]
[(s/0.754)2 + 1]

[(s/3.746)2 + 2(0.021)5/3.746 + 1]
[(5/4.147)2+ 1]

[(s/86.71)2 + 2(0.004)5/86.71 + 1]

(15)

[(S-/42.76)2 + 2(0.454)5/42.76 + 1]

__________1__________
[(5/58.40)2 + 2(0.862)5/58.40 + 1] (16)

where R(s) and S(s) are referred to as the disturbance rejec-
tion filter and the structural filter, respectively. For an effec-
tive rejection of the sinusoidal disturbances, the filter R (s) has
poles at ±27r(0.12); and ± 2?r(0.66)7 with the associated zeros
at - 0.267 ± 0.907y and - 0.079 ± 3.745;, respectively. (Such
a pole-zero pair is called a disturbance rejection dipole.8)

The Bode magnitude plot of the loop transfer function with
this new controller is shown in Fig. 7. As can be seen in this
figure, this new controller has met the bandwidth requirement
of 1.5-Hz gain crossover frequency. It has a 5.1-dB gain
margin and a 37-deg phase margin. The notch zeros at 13.8 Hz
provide effective gain stabilization of the primary bending
modes at 14 Hz with about 21-dB gain suppression. The
closed-loop frequency magnitude response of this new con-
troller from the solar array disturbance input d to the pitch
attitude output 6 is compared with that of the original con-
troller (dotted line) in Fig. 8. It can be seen that this new
controller has achieved additional 40-dB disturbance attenua-
tion at both 0.12 and 0.66 Hz with respect to the original
controller. Such an effective rejection of the disturbances can
also be seen in time responses shown in Fig. 9.

V. Conclusions
Both classical and robust H^ control synthesis techniques

were applied to a control redesign problem of the Hubble
Space Telescope. It was demonstrated that the proposed con-
trollers with two disturbance rejection dipoles effectively ac-
commodate the solar array induced disturbances at 0.12 and
0.66 Hz, resulting in a significant pointing performance im-
provement over the original controller on board the Hubble
Space Telescope. Some practical usefulness of a modern, but
somewhat esoteric, robust //<» control design methodology has
been also demonstrated, although trial-and-error iterations
for selecting proper weightings were necessary.

Appendix A: Classical Control Synthesis
Successive-Mode Stabilization

The design of a single-input and single-output (SISO) feed-
back control system for a flexible spacecraft is carried out
starting with the stabilization of a rigid-body mode and
subsequent analysis and stabilization of any unstably interact-
ing flexible modes. Feedback control with a noncollocated
actuator and sensor pair or with significant time delay gener-
ally results in the presence of unstably interacting flexible
modes. After the unstably interacting modes have been identi-
fied, proper filtering to phase or gain stabilize those modes is
then introduced. Also, active disturbance rejection filtering is
synthesized to compensate for any persistent disturbances act-
ing on the spacecraft. Aided by the root locus method and/or
Bode plots, and a certain amount of trial and error, a robust
compensator design is performed. The classical SISO design
based on successive-mode stabilization can be divided into
four steps: 1) stabilization of a rigid-body mode according to
given time- or frequency-domain specifications (settling time,
maximum overshoot, bandwidth, phase, and gain margins); 2)
gain/phase stabilization of any unstably interacting or desta-
bilized flexible modes; 3) synthesis of active disturbance rejec-
tion filter and/or command preshaping filter; and 4) final

tuning of the overall compensator. The last step becomes
necessary because the phase and gain characteristics of active
disturbance rejection filtering as well as the stabilized modes
in question exert their influence on all of the neighboring
frequencies, which may include other modes. This presents a
challenge as the number of modes to be stabilized becomes
larger.

Phase and/or gain stabilization of an unstably interacting
flexible mode can be achieved with the introduction of a
roll-off filter and/or a generalized second-order filter of the
following form in the feedback loop:

(s/z)2 + /z + 1
(s/p)2 + 2$ps/p + 1

where s is the Laplace transform variable. Nonminimum-
phase second-order shaping filters with negative fz are of
special interest for a certain class of noncollocated control
problems, as discovered in Ref. 6.

Active Disturbance Rejection
After successful stabilization of the rigid-body mode (as

well as any other unstably interacting flexible modes), active
disturbance rejection is then simply achieved by introducing
into the feedback loop a disturbance model of the form

t + </>/)d(t) =

with unknown magnitudes At and phases <£/ but known fre-
quencies/?/. In general, the disturbance d(t) can be described
by a Laplace transformation d(s) = Nd(s)/Dd(s), where Nd(s)
is arbitrary as long as d(s) remains proper. The roots of Dd(s)
correspond to the frequencies at which the persistent excita-
tion takes place. The inclusion of the disturbance model \/Dd
inside the control loop is often referred to as the internal
modeling of the disturbance.

As shown in Fig. Al, the presence of \/Dd in the control
loop results in the effective cancellation of the poles of d(s),
provided that no root of Dd(s) is a zero of the plant transfer
function. This is shown in the following closed-loop transfer
function:

y(s) =
\/D(s) d(s)+ Nc(s)N(s)/Dc(s)Dd(s)D(s)

Nd(s)
Dd(s)Dc(s)D(s) + Nc(s)N(s) Dd(s)

where we can see the cancellation of Dd(s).
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The compensator can be viewed as a series of individual
first-order or second-order filters as follows:

Nc(s) _ „ NCi(s)
Dc(s) i Dc.(s)

Each filter is designed to perform a specific task, like the
stabilization of a particular mode. In the same manner, a
disturbance rejection filter can be designed that has a proper
transfer function and uses the internal disturbance model I/
Dd. Thus a proper numerator is chosen in the compensator to
go with the disturbance model. The numerator is chosen to be
of the same order as Dd so that there is a zero for each pole of
the disturbance model I/A/-

Each pole-zero combination of the disturbance rejection
filter

+ 2£zs/Zj + 1

can be called a dipole, where fz. is included for generality. The
filter thus consists of as many dipoles as there are frequency
components in the persistent disturbance. The separation be-
tween the zero and the pole is generally referred to as the
strength of the dipole. The strength of the dipole affects the
settling time of the closed-loop system; in general, the larger
the separation between the pole and zero of the filter the
shorter the settling time. This is caused by the position of the
closed-loop eigenvalue corresponding to the filter dipole. As
the strength of the dipole is increased, this eigenvalue is
pushed farther to the left, speeding up the response time of the
disturbance rejection. Therefore, as the strength of the dipole
is changed to meet a chosen settling time the rigid and flexible
mode compensation logic must be readjusted. A compromise
has to be reached often between the the settling time and the
stability of the compensated system.

Appendix B: Robust H^ Control Synthesis
Modeling of Structured Uncertainty

Consider a flexible spacecraft described by

Mq + Dq + Kq = Gdd + Guu (Bl)

where q is a generalized displacement vector, Ma mass matrix,
D a damping matrix, K a stiffness matrix, Gd the disturbance
distribution matrix, Gu the control input distribution matrix, d
the external disturbance vector, and u the control input vector.

Suppose that matrices M, D, and K are subject to £ indepen-
dent parameter variations, 6/ (/ = 1, . . . , f). The perturbed
matrices in Eq. (Bl) can then be linearly decomposed as

M = M0 + AM

D = DQ + AD

K = KQ + AK

(B2)

The first matrices on the right-hand side of Eq. (B2) are the
nominal matrices and the second ones are the perturbation
matrices that are decomposed as

AM=3TIM8M9IM

AD = ^D^D^LD (B3)

where £M» £z>» and 8* are diagonal matrices with independent
parameter variations 6/ as diagonal elements.

Defining

= diag[8

ZM
ZD

ZK

a± -ez
and substituting Eq. (B2) into Eq. (Bl), we get

M0# + D0q + K0q = Gdd + Gdd + Guu

where

(B4b)

(B4c)

(B5)

(B6)

and where dis the fictitious input, z the fictitious output, 8 the
gain matrix of a fictitious internal feedback loop, and Gd the
fictitious disturbance distribution matrix.

After defining the state vector and controlled output vector
as

-H
z =

0

(B7a)

(B7b)

where /is a unit matrix with proper dimension, and introduc-
ing new variables

£? =

ZM
ZD

ZK

Z

where v is the sensor noise vector, we obtain the following
modified state-space representation of the system as

x(t) = Ax(t) + 5iJ(f) + B2u(t)

z(t) = Ci*(0 + Dnd(t) + Dl2u(t)

y ( t ) = C2x(t) + D2ld(t) + D22u(t)

(B8)

XO = Cax(0 + D2ld(t) + Z?22W(0

where

y4 =
0 /

- M0- 1K0 - M0- ̂ o.

Bl = [MO\
0 0

Mi 'Gu.

C,=

Ai =

(B4a)
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and D2\ = D22 = 0. Note that Dn = 0 if there is no uncertainty
in the mass matrix M.

Modeling of Unstructured Uncertainty
Consider an uncertain system described as

or

AG(s)]G(s,<5)

(B9)

(BIO)

where <5 € 3) denotes a structured uncertain parameter vector,
and AG(s) represents unstructured uncertainty, which can be
modeled as additive uncertainty in Eq. (B9) or multiplicative
uncertainty in Eq. (BIO).

A stability criterion in the presence of both structured pa-
rameter variation and unmodeled dynamics is given as fol-
lows.16-18

Theorem (Robust Stability): IfK(s) stabilizes G(s,d) for all
6 € 3D, then K(s) stabilizes G(s,d) + AG(s) if

HAG(s)lloo<
1

(Bll)

for all 6 € 33.
Similarly, if K(s) stabilizes G(s,d) for all 663 ) , then K(s)

stabilizes [/ + AG(s)]G(s,<5) if

llAG(s)lloo<
1
G(s,8)K(s)] ~

(B12)

for all <5 <E 3D.
The design problem is then to find a robustly stabilizing

controller that minimizes

II W(s)K(s)[I + G(s, d)K(s)] ~ l I I ,

for additive uncertainty, or

II W(s)G(s9S)K(s)[I + G(s,d)K(s)]

(B13)

(B14)

for multiplicative uncertainty. The frequency-dependent
weighting function W(s) is properly selected in accordance
with the available information on unmodeled dynamics. The
closed-loop system will then be robustly stable in the presence
of both structured uncertainty and unmodeled dynamics.

Considering both an internal feedback loop model for struc-
tured parameter variations and a weighting function for un-
modeled dynamics, we have the following state-space repre-
sentation of an uncertain system:

(B15a)

where

Cw _xw

= [C2 0]| " | + D2ld + D22u
Xrti

W(s) = :(AW, Bw, CW9 Dw)

(B15c)

(B16)

and xw is the state vector associated with the weighting func-
tion.

Robust Asymptotic Disturbance Rejection
A state-space model of an uncertain system of the preceding

section is now further augmented by the internal model of the
disturbances.

Consider a persistent disturbance with one or more fre-
quency components represented as

d ( t ) = £ + </>,)

with unknown magnitudes A[ and phases </>/ but known fre-
quencies pi. Active disturbance rejection for the measured
output is achieved by introducing a model of the disturbance
inside the control loop. A disturbance rejection filter for df(t)
at a particular frequency /?/ is then modeled as

xd. = Adxd. + Bd.y (B17)

where

o i .
-A2 oj'

D _

The internal model then includes as many frequencies as the
given disturbance and is driven by the measured output y of
the plant. This procedure is equivalent to the one used in the
classical approach with the disturbance model now consisting
of a state-space model. The disturbance rejection filter is then
described by

xd = Adxd + (B18)

where xd is the state vector introduced by the internal distur-
bance model, Ad is block-diagonal and contains Ad. for each
disturbance dt(t)9 and Bd also contains Bd. for each distur-
bance.

The disturbance filter model described by Eq. (B18) is then
augmented to Eqs. (B15) as follows:

, 4 0 0
BdC2 Ad 0

0 0 Aw

B,
BdD2l

0
d +

[:]= Q
0

wd
0

0
CH,

3 +El-

B2

(B19a)

(B19b)

0 0] ^21^? + D22U (B19c)

where Wd is a relative weighting factor for xd.

Robust Hex Control Design
Given a state-space model of a generalized plant, given by

Eqs. (B19), the Glover-Doyle algorithm14 is employed to ob-
tain a robust Hx controller such that

(B20)

where z= [ZT, z^]T. The stability and performance robustness
with respect to both structured uncertainty and unmodeled
dynamics is guaranteed for such a controller.7'15'18

The robust H& control methodology employed in this paper
incorporates the internal model principle for asymptotic dis-
turbance rejection in the presence of persistent external distur-
bances. Since the states of the disturbance rejection filter and
the weighting function are not detectable from the measured
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output, a very small artificial damping (about 0.0001) is
needed for pure imaginary poles for the convenience of avoid-
ing numerical problems in solving two Riccati equations.
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